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Suspensions of binary mixtures of hard-sphere poly-methylmethacrylate colloidal particles were studied at
six different size ratios �. The main aim was to determine the range of size ratios over which the binary
colloidal crystals AB2 and AB13 are stable. Combining these results with those of earlier work, we found
stability of AB2 for 0.60���0.425, in good agreement with theoretical predictions by computer simulation
and cell model methods. AB13 was observed for 0.62���0.485, the lower limit being significantly smaller
than the theoretical prediction of about 0.525. Rough measurements of crystallization rates showed that AB2

tended to crystallize fastest at small size ratios, whereas the opposite was true for AB13. These findings should
provide a guide to the optimum conditions for materials applications of these binary colloidal crystals.
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I. INTRODUCTION

Assemblies of hard spheres are of interest because they
constitute the simplest model for the behavior of fluids, crys-
tals, and glasses, e.g., Ref. �1�, and because of the potential
to construct functional optical, electrical, and magnetic ma-
terials from colloidal precursors which can frequently be
well modeled as hard spheres �see Refs. �2,3� for recent ex-
amples of such materials applications�.

The freezing transition, from a fluid to a crystal, of an
assembly of equal-sized hard spheres in thermal motion was
discovered in computer simulations �4,5� and confirmed by
experiments on colloidal suspensions �6�. Paradoxically, the
apparently ordered crystal has a higher entropy than the dis-
ordered metastable fluid from which it grows. In fact, while
the crystal is ordered on the large scale of many lattice spac-
ings, it is locally disordered: spheres in the crystal have more
freedom for local motions within the cages formed by their
neighbors—resulting in more possible configurations for the
system overall—than do spheres in the metastable fluid �7,8�.

In a similar vein, mixtures of hard spheres of two different
sizes can form ordered binary crystals, again driven by en-
tropy. A useful guideline for candidates for thermodynami-
cally stable binary structures is that they should be “efficient
packers” �9�. That is, the total volume fraction � of the
crystal when fully compressed should be comparable to, or
larger than, the corresponding value, �=� /3�2�0.74, for a
one component system. Then, at the lower concentrations
where freezing occurs, the particles will have significant
local freedom.

Several studies, both theoretical and experimental, of bi-
nary hard-sphere crystals have been reported �see Sec. II�.
The most detailed work so far concerns the structures AB2
and AB13, where A is the larger sphere. These are found for
size ratios �=RB /RA between about 0.4 and 0.6 �R denotes
radius�. The main purpose of this paper is to establish experi-
mentally, more precisely than hitherto, the ranges of size
ratio over which the two structures are stable, and to com-
pare the findings with theoretical predictions.

In the next section we review previous work on binary
hard-sphere crystals. Section III gives experimental details.

We use colloidal particles of poly-methylmethacrylate,
PMMA, now well established as model hard spheres �1�. The
main experimental technique used to identify the structures
is “powder” light crystallography of the polycrystalline
samples. The results are presented in Sec. IV and discussed
in Sec. V.

Although, here, we consider only hard-sphere colloids, we
mention for completeness that binary crystals of synthetic
colloids were found in 1983 by Yoshimura and Hachisu with
charged particles that interact through a soft, shielded Cou-
lombic potential �10�, and that various binary structures, with
possible materials applications, have been observed recently
in mixtures of nanometer-sized particles whose interactions
were not fully characterized �2,11,12�.

II. BACKGROUND

An assembly of equal-sized hard spheres crystallizes into
a “random hexagonal close-packed” structure, essentially a
random mixture of the two close-packed structures, face-
centred cubic and hexagonal close packed �13�. For size ratio
� in the range 1���0.85 concentrated binary hard-sphere
mixtures are predicted to form substitutionally disordered
crystals, presumably of this same structure, e.g., Ref. �14�
and references therein. For ��0.85, the size difference is
too large for both species to readily occupy the same lattice.
Then either phase-separated crystals of nearly pure A and
nearly pure B or specific ordered binary crystals are
expected.

As the size ratio is decreased below 0.85, the first candi-
date identified so far for an ordered binary hard-sphere crys-
tal is the AB cesium chloride structure, interleaved simple
cubic lattices of each species, with one species occupying the
body-centred positions in the lattice of the other. This struc-
ture has a maximum volume fraction when fully compressed
of 0.729 at size ratio �=�3−1=0.732, suggesting, by the
criterion of Sec. I, that it should not be thermodynamically
stable. This expectation was confirmed by more detailed the-
oretical calculations �15,16�. Experimentally, however,
Schofield observed the AB �cesium chloride� structure in
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mixtures of PMMA spheres at �=0.736 �17�, though there
were hints that the crystals were metastable. On the other
hand, Hunt et al. saw no sign of this structure in a similar
system at �=0.72 �18�.

On further decrease of the size ratio, the binary structures
AB2 and/or AB13, which form the main topic of this report
�see below�, are found in the range 0.62���0.42.

For ���2−1=0.414, the smaller particles are able to fit
into the octahedral cavities in a compressed, close-packed
structure of the large species. Then the AB sodium chloride
structure, interleaved face-centred cubic lattices �or the
random-stacked equivalent�, is both predicted �19� and ob-
served �18�. In further experimental work at ��0.414, to be
reported elsewhere �20�, we have found a number of other
binary crystals not previously predicted.

Colloidal crystals with the AB2 and AB13 structures were
observed by Sanders �21� in a sample of Brazilian gem opal
�opals are solidified arrays of spheres of colloidal silica�. AB2
�atomic analogs, borides such as MgB2� consists of a simple
hexagonal arrangement of the A particles with B particles
filling the holes between the A layers in a honeycomb struc-
ture. In AB13 �atomic analogs, UBe13 and NaZn13� the A par-
ticles lie on a simple cubic lattice. Within each cube is a
cluster of 13 B particles, a central particle surrounded by 12
others arranged on the vertices of a regular icosahedron. The
most efficient packing is obtained when these icosahedral
clusters are rotated by 90° between adjacent cubic subcells.
This gives a superlattice structure where the unit cell com-
prises eight subcells and contains 112 particles. Models and
sketches of both these structures can be found in, e.g., Refs.
�9,22,16�. Murray and Sanders �9� calculated the fully com-
pressed volume fractions for the two structures as functions
of the size ratio. For AB2 they found this to be larger than
0.74 for 0.482���0.624, suggesting, by the criterion of
Sec. I, thermodynamic stability for this range of size ratios.
On the other hand, the fully compressed volume fraction of
AB13 never exceeds 0.74, but reaches a maximum value close
to it of 0.738 at �=0.558.

Theoretical calculations of the free energies of AB2 and
AB13 have been performed by Eldridge and co-workers
�15,19�, using Monte Carlo simulations with thermodynamic
integration methods, and by Cottin and Monson �16� and
Voisey and Bartlett �23� �see also Ref. �18�� using a cell
model. Combining these free energies with those predicted
by the �accurate� equation of state of Mansoori et al. �24� for
the binary fluid mixtures allows the equilibrium phase dia-
grams �see Sec. IV� to be calculated. The predictions of these
calculations for the ranges of size ratio within which the two
binary structures are thermodynamically stable are summa-
rized in Fig. 1.

Eldridge et al. �15� observed stable AB2 at �=0.61 and
0.60. However, in both these cases, it was only found at high
concentrations where glass transitions are likely to prevent
its experimental observation; thus this region is shown as a
dotted line in Fig. 1. AB2 in coexistence with the binary fluid
was first observed at �=0.59. At the lower end of the size
range, Eldridge et al. �19� observed AB2-fluid coexistence at
�=0.45 but no sign of AB2 at �=0.414; the dotted line in
Fig. 1 indicates the corresponding uncertainty in the lower
limit. AB13 was observed at high concentration at �=0.625

and coexisting with fluid at �=0.61 �15�. At the lower end
AB13 was found to coexist with the fluid at �=0.54 but was
not seen at all at 0.50 �15�.

Cottin and Monson �16� do not show so many phase dia-
grams, but simply quote the ranges of stability, calculated
from their cell model, shown in Fig. 1. Hunt et al. �18� also
report cell model calculations at �=0.52, which did not find
AB13, and at �=0.42 where neither AB13 nor AB2 were
found.

Experimentally, the upper ends of the ranges of stability
have been established quite accurately by the work of Bar-
tlett et al. on mixtures of PMMA spheres �15,22,25�. At size
ratio �=0.62 only AB13 was observed, and it appeared to be
metastable �15,25�. At �=0.58, stable AB2 and AB13 were
found �22�. Hunt et al. �18� also found both structures at �
=0.52 but neither of them at �=0.42 �18�. No other experi-
mental work at the lower ends of the stability ranges has
been reported, and this forms the main topic of the remainder
of this paper where we study PMMA mixtures with size ra-
tios 0.526, 0.508, 0.487, 0.476, 0.454, and 0.428.

The earlier, similar, study of Hunt et al. �18� covered a
more widely spaced range of size ratios, 0.72, 0.52, 0.42, and
0.39. The reader is referred to the very full account of this
work for further background and other details not given here.

III. EXPERIMENTAL METHODS

A. Sample preparation and characterization

The colloidal particles used in this study were poly-
methylmethacralate �PMMA� spheres sterically stabilized by
chemically grafted poly-�12-hydroxystearic acid�. They were
prepared by the method of Antl et al. �26�, and were dis-
persed in a mixture of decahydronaphthalene �decalin� and
tetrahydronaphthalene �tetralin�. The proportion of the two
liquids were chosen to nearly match the refractive index of
the particles, �1.50, providing nearly transparent samples
suitable for light scattering.

FIG. 1. Comparison of the ranges of stability of the binary hard-
sphere crystals AB2 and AB13 predicted by computer simulation
�Eldridge et al. �15,19�� and cell model theory �Cottin and Monson
�16�� with the experimental findings discussed in this paper. The
dotted lines indicate uncertainties discussed in the text.
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The radii of the individual species of PMMA particles
were determined by reference to the hard-sphere freezing
transition as follows. Stock samples were prepared at a
concentration where colloidal fluid and colloidal crystal
coexist. They were left to crystallize and phase separate.
Powder light crystallography �below� on the crystalline
phase gave the wave vector Q111 corresponding to the strong
reflection from the close-packed planes, the �111� planes for
face-centred cubic indexing �13�. From this the lattice pa-
rameter a of the crystal was determined via Bragg’s law,
Q111a=2��3. The volume fraction of the crystal, taken to be
the volume fraction at melting, �M =0.545 �5�, is given by
�M = �4/a3��4�R3 /3�, where we have assumed a face-
centred cubic structure with four particles per unit cell. Com-
bination of these two relations gives the following result for
the radius R of the particles:

R =
�3�

Q111
�3�M

2�
	1/3

=
3.47

Q111
. �1�

Because of the large number of particle species involved,
we did not systematically measure particle radii by other
methods. However, detailed earlier measurements on PMMA
spheres in pure decalin �27� and in the decalin-tetralin mix-
ture used here �18� showed good agreement between radii
measured by static and dynamic light scattering on dilute
suspensions and radii measured by the method used here—
crystallography, with the assumption of hard-sphere behav-
ior. This agreement provides further, albeit indirect, evidence
that the particles interact like hard spheres.

Sample concentrations were also determined by reference
to the hard-sphere freezing transition. Volume fractions of
individual stock suspensions, prepared in the fluid-crystal co-
existence region, were calculated by assuming that the mea-
sured phase volumes follow a lever rule between freezing at

volume fraction �=0.494 and melting at �=0.545 �5�. Bi-
nary mixtures were prepared by mixing appropriate amounts
of two stock solutions and diluting, or concentrating by cen-
trifugation, as required. Typically we chose total volume
fractions �A+�B between 0.50 and 0.70, where crystalliza-
tion might be expected, with the ratio by number of small to
large particles ranging from less than 2 to more than 13. The
samples were mixed thoroughly by slow tumbling.

Individual species of nine different sizes, with radii rang-
ing from 130 to 463 nm, were used in this study. They were
mixed in pairs to give six different size ratios, ranging from
0.526 to 0.428. Table I lists the particle sizes and mixtures
used.

Because, in these refractive-index-matched samples, the
particles are more dense than the mixture of liquids, slow
sedimentation of the particles takes place, evident on a time
scale of days to weeks. Because formation of the binary crys-
tals often occurs on a similar time scale �see Sec. IV�, we
may expect that sedimentation can affect the behavior ob-
served. In previous work �18,22,25� these effects were mini-
mized by rotating the samples slowly �once per day� in the
vertical plane so that the particles were subjected to “time-
averaged zero gravity” �28�. �A few samples have also been
studied in the microgravity of space �29�.� However, in the
work reported here, because so many samples were studied,
this was not done. After thorough mixing, the samples were
simply left to stand and were observed periodically. Ironi-
cally, if one is just interested in whether or not a particular
structure can form, this approach has some �accidental� ad-
vantage. As sedimentation proceeds, the relative and total
concentrations of the two species start to vary with vertical
position in the sample. We can expect the total concentration
and the relative concentration of larger particles to increase
near the bottom of the sample cells, whereas the top becomes
depleted in larger particles. Thus a sample which starts with

TABLE I. Data and results for the samples in which AB2 crystals formed most rapidly at the size ratios indicated; the radii and partial
volume fractions of the individual species are listed. The volume fractions of the crystals and their lattice parameters were calculated from
the powder diffraction patterns of Fig. 3. The time to crystallize is the elapsed time after the samples were mixed before crystals were first
observed. These times are scaled by the relaxation times defined by Eq. �2�.

Size
ratio

�
Radii
�nm�

�A

�B nB /nA �crystal

Lattice
parameters
c & a �nm�

Axial
ratio
c /a

Axial
ratio

�theory �34��

Time to
crystallize

�days�

Relaxation
time
	R

�s�

Scaled
time

�106 	R�

0.526 399 0.257 7.1 0.70 823 0.99 1.04 28 0.89 2.7

210 0.265 831

0.508 256 0.330 4.5 0.70 529 1.01 1.02 13 0.24 4.7

130 0.194 524

0.487 267 0.268 8.4 0.64 554 0.98 1.02 6 0.27 2.0

130 0.259 565

0.476 441 0.433 2.8 0.65 911 0.99 1.02 8 1.20 0.6

210 0.132 921

0.454 463 0.476 2.9 0.70 927 0.99 1.00 17 1.39 1.1

210 0.128 935

0.428 325 0.421 3.9 0.65 665 1.00

139 0.128 667
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particular concentrations �A and �B will, in time, “explore” a
region of the phase diagram around this initial point, making
it more likely that crystallization will occur at some location
in the sample �the size ratio, of course, does not change�. A
disadvantage is that, except for fast-crystallizing species, the
phase volumes of, for example, coexisting crystal and fluid
cannot be determined accurately. It is also possible that some
of the observed binary crystals might be metastable, their
formation perhaps being encouraged by a locally sharp gra-
dient in concentration or by a particular history of changing
concentrations.

B. Crystallography

Powder light crystallography measurements were per-
formed as described previously �22,30�. The beam from a
mixed argon-krypton gas laser was expanded and shaped by
an adjustable rectangular aperture of typical dimensions a
few millimeters, defining a scattering volume in the sample
of similar dimensions. The samples were contained in cylin-
drical glass cells of internal diameter about 9 mm. These
cells were placed on the axis of a cylindrical glass bath of
diameter about 8 cm. The bath contained essentially the same
mixture of decalin and tetralin as the samples. Because the
samples, bath, and glass all had nearly the same refractive
index, �1.50, refraction and reflection of the light at the cell

walls was negligible. The bath acted as a cylindrical lens
which imaged the scattered light onto a slit placed at its
focus. Behind the slit were placed a diffuser and a photomul-
tiplier detector operating in the photon counting mode. The
slit, diffuser, and detector were mounted on an arm which
rotated under computer control around the axis of the bath
and sample cell. In order to obtain a good average over many
crystallites in different orientations, the sample was rotated
slowly, about once in two seconds, around its vertical axis
during the measurements. The crystallography results are
presented in Figs. 3 and 4 as counts per second as a function
of scattering vector Q. The scattering vector is given by
Q= �4�n /
0�sin�� /2�, where n is the refractive index of the
sample, 
0 the wavelength of the light in vacuo, and � is the
scattering angle. Most of the data were taken using the Kr+

line, 
0=647 nm, or the Ar+ line, 
0=476 nm.

IV. RESULTS

A. Phase diagrams

Theoretical phase diagrams for binary hard-sphere mix-
tures, calculated by Eldridge et al. for size ratios �=0.54 and
0.50 �15� and �=0.45 and 0.414 �19�, are shown in Fig. 2.
�The cell model phase diagrams reported in Ref. �18� at
�=0.52 and 0.42 are very similar to those shown in Fig. 2
for �=0.50 and 0.414, respectively.� Their topologies have

FIG. 2. Theoretical phase diagrams �15,19�, as functions of the partial volume fractions �A and �B, for binary hard-sphere mixtures at the
size ratios � indicated. Regions of predicted two- and three-phase coexistence are shown �A, AB2, etc. indicate the crystalline phases and F
indicates the binary fluid mixture�. The symbols indicate the compositions of the samples studied experimentally and the structures observed:
solid circle, amorphous; plus sign, AB13; cross, AB2; triangle, pure A crystal.
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been discussed elsewhere �15,19�. Briefly, stable fluid is
found at concentrations �A+�B�0.50; on increasing con-
centration, regions of fluid coexisting with a single crystal-
line phase, A, AB2, AB13, or B, are found; at still higher
concentrations, two- and three-phase regions, containing
various combinations of fluid and the crystalline phases or
just the crystalline phases, are predicted.

Also shown in Fig. 2 are the experimental results for size
ratios �=0.526, 0.508, 0.487, 0.476, 0.454, and 0.428. The
positions of the data points on the diagrams indicate the par-
tial volume fractions, �A and �B, of the samples studied, and
the symbols indicate the structures �identified by crystallog-
raphy, Sec. IV B� found. The experimental points are plotted
on the theoretical phase diagram with the nearest available
size ratio �thus experiment, �=0.526, is compared with
theory, �=0.54; experiment, �=0.508, with theory, �=0.50;
and so on�.

In all cases where crystallization was observed, only
one crystal phase was found in any particular sample �or, at
least, one structure dominated any others in the diffraction
pattern�. Although much of the crystallization was observed
in regions of the phase diagrams where crystal-fluid coexist-
ence is predicted, we did not, for the reasons given is
Sec. III A, make a detailed study of phase coexistence. Thus
the symbols in Fig. 2 simply indicate the crystal structure
found, or, in the case of no crystallization, an amorphous
mixture.

At �=0.526 �Fig. 2�a��, AB13 was found in several
samples. These are broadly in the region of the phase dia-
gram predicted, but detailed agreement with theory is not
observed. Samples showing AB2 crystallization were found
in regions where AB2 is predicted. Interestingly, however,
samples with the stoichiometry two B’s to one A �indicated
by extrapolation of the line labeled AB2 in Fig. 2�a� towards
the origin� did not crystallize but remained amorphous over
several weeks of observation. These findings, for both AB13

and AB2, are broadly similar to the results of Hunt et al. �18�
at �=0.52. They are also similar to previous findings at
�=0.58 �15�; this paper can be consulted for more complete
discussion of the comparison between experiment and
theory.

Theory predicts that AB13 should no longer be stable
at �=0.50 �Fig. 1�. However, Fig. 2�b� shows that, at
�=0.508, several samples crystallized into AB13 at roughly
the stoichiometry of 13 B’s to one A. At this size ratio, AB2
was observed mainly in regions where it is predicted, includ-
ing two samples not far from the stoichiometry of two B’s to
one A.

At �=0.487 �Fig. 2�c��, one sample showed AB13 crystals.
As predicted, AB2 was observed over a quite wide region of
the phase diagram at this size ratio.

For ��0.476, AB13 was no longer found, though AB2
was observed, as predicted, at �=0.476 �Fig. 2�d�� and 0.454
�Fig. 2�e��. Theory predicts no AB2 at �=0.414, but a
significant region of AB2 was found experimentally at
�=0.428 �Fig. 2�f��. By contrast, Hunt et al. �18� did not find
AB2 at �=0.42.

A notable general feature of Fig. 2, observed also in pre-
vious work �15,18,22,25�, is the large number of samples
that do not show the predicted crystallization behavior but
that remain in amorphous, presumably nonequilibrium, states
over the period of observation �31�. Binary mixtures appear
to display a complex pattern of glass formation which could
be further investigated by dynamic light scattering, as for
one-component systems �32�.

B. Crystallography

The equipment used for the crystallography measure-
ments was described in Sec. III B. Crystalline samples typi-
cally contained many small crystallites in random orienta-
tions and, superficially, looked similar to one-component

FIG. 3. Crystallography results for the AB2 binary crystals at the size ratios and compositions indicated; the samples are those, at each
size ratio, where crystallization was most rapid. Scattered intensity, in arbitrary units, is plotted against scattering vector.
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systems �6�. Often, crystallites were only observed in a lim-
ited region at some height in the sample. In these cases, the
beam-shaping aperture was adjusted so that only the crystal-
line region was illuminated.

In Fig. 3 �AB2� and Fig. 4 �AB13� we show typical powder
patterns for each size ratio. Analysis of the patterns is sum-
marized in Tables I and II. After mixing, the samples were
observed periodically and, in most cases, the elapsed time
after which crystals were first observed was noted. The crys-
tallography results shown in Figs. 3 and 4 are for the samples
at each size ratio which crystallized soonest. The partial vol-
ume fractions, �A and �B, of these samples are given in
Tables I and II, allowing one to identify the samples in Fig.
2. The corresponding times to crystallize are also listed in
Tables I and II.

In order to be able to compare the crystallization times for
particles of different sizes, we need to scale them by a relax-
ation time that describes the rate of particle diffusion in the
sample �assuming that nucleation and growth of the crystals
are controlled by diffusion�. An obvious definition for such a
relaxation time is

	R =
RA

2

D
, �2�

where RA is the radius of the larger particle and D is its
long-time self diffusion constant; 	R is then roughly the time
that it takes a large particle to diffuse a distance equal to its
own diameter. The problem with this definition is that the
magnitude of the long-time self-diffusion coefficient in con-
centrated binary mixtures is not known, and even in one-

component systems it depends strongly on concentration
�33�. Thus we take D to be the “bare” diffusion constant
which applies to a dilute suspension,

D =
kBT

6��RA
; �3�

kBT is the thermal energy and � is the viscosity of the sol-
vent, taken here to be 3
10−3 Pa for the mixture of decalin
and tetralin. This is a well-defined procedure, but it should be
borne in mind that it underestimates the actual relaxation
time of the concentrated system by a factor of 100 or more
�33�.

1. AB2

The diffraction patterns shown in Fig. 3 are consistent
with the simple hexagonal structure of AB2. Consider
Fig. 3�b� as an example. From the position of the first line,
�001�, we calculate the lattice parameter c which gives
the spacing of the planes along the hexagonal axis. The
second line, �100� or �010�, gives the lattice parameter a, the
in-plane spacing of the A particles. The third line observed
is �101�, �011�. The fourth line, at Q=2.71
107 m−1, is
�111� and the shoulder at slightly higher scattering vector
comprises �200� and �102� �and �020� and �012��. The
lines �110� and �002�, which are expected to lie between
�101� and �111� are not observed in Figs. 3�a�–3�e�, probably
due to minima in the particles’ form factors, but are apparent
in Fig. 3�f�.

From the lattice parameters of the crystals, calculated
from the powder patterns of Fig. 3, one can calculate the

FIG. 4. Crystallography traces for the AB13 binary crystals.

TABLE II. Data and results for the AB13 crystals. See caption to Table I for details.

Size
ratio

�
Radii
�nm�

�A

�B �crystal

Time to
crystallize

�days�

Relaxation
time
	R

�s�

Scaled
time

�106 	R�

0.526 399 0.063 0.61 11 0.89 1.1

210 0.468

0.508 256 0.130 0.61 9 0.24 3.2

130 0.363

0.487 267 0.130 0.60

130 0.409
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total volume fractions of the crystals, �crystal=�A+�B, listed
in Table I. The calculated volume fractions range from 0.64
to 0.70, showing no apparent trend with size ratio �Table I�.
These values can be compared to the smallest crystal volume
fraction predicted theoretically of �0.645 �Fig. 2�. Note that
the experimental volume fractions are calculated from the
radii of the particles and the two lattice parameters of the
crystal. All four of these quantities are derived from crystal-
lography measurements �Sec. III A�, so are susceptible to
errors arising from any misalignment of the scattering equip-
ment. We estimate that the uncertainty in the crystal volume
fraction is of order ±0.02.

The axial ratios of the observed crystals lie in the range
c /a=1.00±0.02 �Table I�, with an estimated uncertainty of
about ±0.02. These values can be compared with the theo-
retical predictions of Eldridge et al. �34�, also listed in Table
I, for strain-free AB2 crystals at the corresponding volume
fractions and size ratios. For the smaller size ratios,
�=0.508–0.428, there is reasonable agreement between ex-
periment and theory, with c /a close to 1 in both cases.
However, the value, c /a=0.99±0.02, found at �=0.526 is
significantly smaller than both the theoretical prediction,
c /a=1.04, and the value, also 1.04, found experimentally by
Hunt et al. �18� at �=0.52. It is possible that our crystals
were distorted by gravity, an effect not expected in the ex-
periments of Hunt et al. who used the “time-averaged zero
gravity” method mentioned in Sec. III A. However, it is then
not clear why the samples at smaller size ratio were not
similarly affected.

As shown in Table I, the crystallization times are typically
of order one million relaxation times. �Note that these are
“bare” relaxation times applying to dilute systems. As dis-
cussed above, the relaxation time describing diffusion in the
concentrated system of interest is probably at least 100 times
larger, so that the crystallization times are of order 10 000
“dressed” relaxation times.� By contrast, fastest crystalliza-
tion times for one-component systems are around one thou-
sand relaxation times �a few minutes� �35�. Not surprisingly,
the nucleation process in a binary suspension, involving or-
dered segregation of the two species, is much slower and,
presumably, more complicated than that in a one-component
system. There is a slight trend towards faster crystallization

as the size ratio is decreased �see also Sec. V�, perhaps re-
flecting the increasing ease with which the smaller particles
can be incorporated into the lattice.

2. AB13

The reflections labeled with even Miller indices for AB13
�Fig. 4 and Table II� correspond to a simple cubic lattice �for
which the indices would be �100�, �110�, �111�, etc.�. The
observation of superlattice lines with odd indices—of which
�531� is, as in previous work �22,25�, the strongest—
confirms that the structure is indeed AB13. As described in
Sec. II, the unit cell of AB13 consists of eight simple cubic
subcells containing icosahedra of B particles which are ro-
tated by 90° between adjacent cubic subcells. The lattice
parameter is double that of a subcell, leading to doubling of
the cubic Miller indices.

The calculated volume fractions of the crystal,
�crystal=0.60−0.61, are similar to the smallest value �0.60
predicted theoretically by the phase diagram at �=0.54 �Fig.
2�a��.

The scaled crystallization times �Table II�, of order one
million relaxation times, are similar in magnitude to those
observed for AB2 �Table I�. Accidentally, the sample at
�=0.487 that showed AB13 crystals was not monitored regu-
larly; it was neglected for several months after which time
the crystals were discovered in a band in the middle of the
sample. Thus we do not have a reliable crystallization time
for this sample.

C. Electron microscopy

Another way to study the structure of hard-sphere colloi-
dal crystals is by scanning electron microscopy. Crystalline
samples are allowed to dry slowly; the dry compacted solid
is cleaved and gold coated by sputtering. We show two ex-
amples which display features not previously published.

Dried crystals of AB2 tend to cleave along the �011� plane;
Ref. �22� shows such a picture with a large ordered region
displaying interleaved lines of large and small particles. Fig-
ure 5 shows a similar image �sample at �=0.428,
�A=0.421, �B=0.128� except that steps are seen on the �011�

FIG. 5. Scanning electron micrograph of an
AB2 crystal at size ratio �=0.428 ��A=0.421,
�B=0.128�. Mainly the �011� plane is seen, with
steps at the upper right and lower left. The left-
hand step exposes a portion of the �001� plane on
which the hexagonal honeycomb arrangement of
the small particles can be seen. The models in �b�
and �c� show the AB2 crystal �100� and �001�
planes and can be used for comparisson with the
electron micrograph.
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plane. The left-hand step exposes a section of the �001� plane
on which the honeycomb structure of the small B particles
can be seen.

For AB13, the drying process tends to disrupt the crystal,
though some order remains �22�. �Note, however, that the
powder patterns of Fig. 4 indicate a high degree of order in
the wet samples.� Figure 6 shows an electron microscope
image of an AB13 sample at size ratio �=0.508 ��A=0.130,
�B=0.392�. Roughly, the �011� plane is exposed. The parallel
lines mark rows of large A particles. Dots indicate pentagons
of small particles resulting from icosahedral clusters from
which one particle has been removed. At the top of the pic-
ture, and at the left, the different orientations of adjacent
icosahedra �pentagons� are clearly evident. �A similar, but
less structured, picture was shown in Ref. �22�.�

V. DISCUSSION

The ranges of size ratio � over the AB2 and AB13 binary
hard-sphere crystals are predicted theoretically to be stable
were discussed in Sec. II and are summarized in Fig. 1.
There we also described the experimental situation at the
upper end of the range.

In the present work, AB2 was observed at the smallest size
ratio studied, �=0.428 �Sec. IV A�. However, Hunt et al.
�18� did not find AB2 at �=0.42, and, in work to be reported
elsewhere �20�, we did not observe it at ��0.41. These re-
sults provide an experimental lower limit for the stability of
AB2 of ��0.425. As shown in Fig. 1, this is in good agree-
ment with the predictions of the cell model calculations �Cot-
tin and Monson� and not in disagreement with the computer
simulations of Eldridge et al.

We observed AB13, at roughly the stoichiometry of 13 B’s
to one A, in several samples at size ratio �=0.508 and also in
one sample at �=0.487 �Sec. IV A�. However, no AB13 was
observed at �=0.476. Thus we can take ��0.480 as the
experimental lower limit for stability of AB13. However,
since it is possible that, for the reasons given in Sec. III, the
one crystal observed at �=0.487 may be metastable, we in-
dicate the region between �=0.480 and 0.508 by a dashed
line in Fig. 1. Nevertheless, it is clear from Fig. 1 that
the experimentally observed lower limit, �=0.48–0.50, for
the stability of AB13 is significantly smaller than that,
�=0.52–0.54, predicted by theory.

There are several possible reasons why theory and
experiment may disagree. First, there is inevitably some
uncertainty in the theoretical predictions associated, for ex-
ample, with approximations inherent in the cell model ap-
proach and possible inaccuracy of the fluid equation of state
of Mansoori et al. �24�. Second, the individual species of
particles used in the experiments, in common with all col-
loids, have some distribution of particle size or polydisper-
sity. Typically, for our particles, the standard deviation of the
size distribution divided by its mean was about 0.05. Even
polydispersities as small as this have been shown to affect
significantly both the phase behavior, e.g., Ref. �36�, and the
crystallization kinetics �37� of one-component systems.
However, without much more work, it would be difficult to
elucidate the precise influence of polydispersity on binary
systems.

Another experimental uncertainty which has emerged re-
cently is the finding that the PMMA spheres, long thought to
be uncharged in nonpolar liquids and to interact like hard
spheres, can, under some conditions, carry a significant
charge �38,39�. Charging appears to be most evident when
fluorescently labeled particles are suspended in a liquid mix-

TABLE III. Compilation of scaled crystallization times for AB2

and AB13 crystals at various size ratios, taken from references indi-
cated. The Comment column indicates the gravitational conditions
under which the experiments were performed; slow rotation refers
to the time-averaged zero-gravity conditions described in Sec. III A.

Size ratio � Ref. Comment

AB2

Scaled time
�106 	R�

AB13

Scaled time
�106 	R�

0.58 �22� Slow rotation 20 2.3

0.57 �28� Space,
microgravity

0.35

0.52 �18� Slow rotation 17 25

0.526 this work Normal gravity 2.7 1.1

0.508 this work Normal gravity 4.7 3.2

0.487 this work Normal gravity 2.0

0.476 this work Normal gravity 0.6

0.454 this work Normal gravity 1.1

0.428 this work Normal gravity

FIG. 6. Scanning electron micrograph of an
AB13 crystal ��=0.508, �A=0.130, �B=0.392�.
Parallel lines indicate rows of large particles
in the �011� plane. Pentagons �indicated by dotted
spheres�, resulting from the removal of one
small particle from each of the icosahedral
clusters, can be seen between the rows. At the top
center and center, the different orientations of ad-
jacent icosahedra are evident. The model in �b�
shows the AB13 superlattice �100� plane and
the orientation of the icosahedra. Removal of
spheres 1 and 2 reveal the underlying pentagons
as shown in �c�.
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ture containing bromo-cycloheptane to match their density,
or when surfactant or salt are added to the suspension. None
of these conditions applied in the present work, but the pos-
sibility that the interaction between the particles may be
slightly affected by charge, which in turn could affect both
phase behavior �40� and crystallization kinetics �41�, cannot
be completely discounted. There appears to be no informa-
tion in the literature on charge in the PMMA-decalin-tetralin
system, and we did not attempt to measure it ourselves.

In Table III we compare our observations of crystalliza-
tion rates with those of other work. First we note that these
are not precise measurements, but rather rough estimates of
the time to see the first crystals made by different observers.
Nevertheless some qualitative conclusions can be drawn.
Most striking is the difference of around a factor of 10 be-
tween the crystallization rates observed by Hunt et al. �18� at
�=0.52 and our findings at �=0.526. It appears that, while
the slow rotation �see Sec. III A� of the samples used by
Hunt et al. is effective in preventing separation of the two
species by sedimentation, it does strongly suppress crystalli-
zation compared to samples studied under normal gravity.
Presumably the slow flow in the samples caused by the ro-

tation disrupts nucleation. Also striking is the fact that the
one sample studied in space, AB13 at �=0.57, is the fastest
crystallizer of all. We must conclude that even slow differ-
ential sedimentation under normal gravity is enough to retard
nucleation noticeably. However, if we discount the results of
Hunt et al. and recognize that the crystallization time found
for AB13 at �=0.58 is also large because of slow rotation of
the sample, there is a suggestion from Table III that AB13
crystallizes more quickly at the larger size ratios. On the
other hand, for AB2 the trend appears to be for faster crys-
tallization at the smaller size ratios. While these may be use-
ful observations for guiding materials applications, at this
stage we do not have enough information to speculate on the
underlying microscopic mechanisms.
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